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XIJDI QFSNJUT VOSFTUSJDUFE VTF EJTUSJCVUJPO BOE SFQSPEVDUJPO JO BOZ NFEJVN QSPWJEFE UIF PSJHJOBM XPSL JT QSPQFSMZ DJUFE
" TMJEJOH NBHOFUJD DMBNQ JT VTFE UP IPME B UIJO BMVNJOVN QBOFM EVSJOH B NJMMJOH PQFSBUJPOThF EFTJHO JODMVEFT B QFSNBOFOU
NBHOFU HSPVQ GPMMPXFS 	TMBWF NPEVMF
 XIJDI TMJEFT MBUFSBMMZ PWFS UIF QBOFM BUUSBDUFE CZ BOPUIFS QFSNBOFOU NBHOFU HSPVQ 	NBTUFS
NPEVMF
 BUUBDIFE UP UIF JOEVTUSJBM SPCPU FOE effFDUPS GSPN UIF NBDIJOFE TJEF PG UIF QBOFMThF MBUFSBM TMJEJOH NPUJPO PG UIF TMBWF
NPEVMF JO SFTQPOTF UP UIF NBTUFS NPEVMF NPUJPO JT TUVEJFE VTJOH B USBOTGFS GVODUJPO CBTFE NPUJPO NPEFM FTUBCMJTIFE DPOTJEFSJOH
UIF MBUFSBM NBHOFUJD TUiffOFTTThF NPEFM JT WBMJEBUFE FYQFSJNFOUBMMZ
1. Introduction
This QBQFS QSPQPTFT B NPEFM GPS UIF MBUFSBM TMJEJOH NPUJPO
PG UIF NBTUFSUPTMBWF NPEVMF CZ NBHOFUJD BUUSBDUJPO GPSDFT
The HSBTQJOH FOE FffFDUPS JT JOUFOEFE UP NJMM QPDLFUT JO UIJO
BJSDSBft GVTFMBHF TLJO QBOFMT <> XJUI UIF TVQQPSU PG NBHOFUJD
DMBNQJOH ThF TZTUFN JT EFWFMPQFE GPS IPMEJOH B QBOFM
EVSJOH NJMMJOH PQFSBUJPOThF DMBNQJOH TZTUFN JODMVEFT UXP
NBHOFUJD NPEVMFT XIJDI BSF QMBDFE PO FJUIFS TJEF PG UIF
QBOFM 'JHVSF  TIPXT B HFOFSBM TDIFNBUJD PG UIF HSBTQJOH
NBDIJOJOH FOE effFDUPS <>
The NBTUFS NPEVMF IBT UISFF DZMJOESJDBM QFSNBOFOU
NBHOFU TFUT FBDI TFU DPNQSJTJOH UISFF NBHOFUT 	'JHVSF 

ThF NJMMJOH DVUUFS JT BU UIF DFOUFS PG UIF USJBOHMF GPSNFE CZ
UIFTF UISFF NBHOFU TFUTThF TMBWF NPEVMF IBT B TJNJMBS NBH
OFU BSSBOHFNFOU ThF NBTUFS BOE TMBWF XPSL UPHFUIFS BT B
DMBNQ
&MMFT BOE -FNBSRVBOE <> EFTDSJCF SBEJBM TUBCJMJUZ DIBS
BDUFSJTUJDT JO NBHOFUJD DPVQMJOHT VTFE UP USBOTNJU B UPSRVF
UISPVHI BO BJS HBQ TFQBSBUJPO XBMM XJUIPVU BOZ NFDIBOJDBM
DPOUBDU CFUXFFO UIF UXP SPUPST ThF QBQFS QSPQPTFT UXP
DZMJOESJDBMBJSHBQ NBHOFUJD DPVQMJOHT TUSVDUVSFT UIBU USBOT
NJU B UPSRVF CVU OP SBEJBM EJTQMBDFNFOU PS WJCSBUJPO GSPN UIF
JOOFS SPUPS UP UIF PVUFS SPUPS
" DZMJOESJDBM QFSNBOFOU NBHOFU DBO HFOFSBUF CPUI BYJBM
BOE SBEJBM GPSDFT -BUFSBM TMJEJOH JT UIF SFTVMU PG SBEJBM GPSDFT
:POOFU <> defineE MBUFSBM NBHOFUJD TUiffOFTT XIJMF EJTDVTTJOH
diffFSFOU NBHOFUJD QSPQFSUJFT GPS QFSNBOFOU NBHOFUJD CFBS
JOHT BOE DPVQMJOHT
The TMBWF NPEVMF MBUFSBMMZ GPMMPXT UIF NBTUFS NPEVMF
NPUJPO EVSJOH NBDIJOJOH PQFSBUJPO ThJT TMBWF NPUJPO
DBVTFE CZ UIF NBTUFSTMBWF NBHOFUJD BUUSBDUJPO GPSDF IBT OPU
ZFU CFFO NPEFMFE 7PLPVO FU BM <> DBMDVMBUFE UIF BUUSBDUJPO
GPSDF CFUXFFO UXP DZMJOESJDBM QFSNBOFOU NBHOFUT XJUI B
DPNNPO BYJT DPOTJEFSJOH UIF JNQBDU PG MBUFSBM EJTQMBDFNFOU
PO UIF BYJBM BUUSBDUJPO GPSDF -BUFS.BINVE FU BM <>NPEFMFE
UIF MBUFSBM BUUSBDUJPO GPSDF CFUXFFO DZMJOESJDBM QFSNBOFOU
NBHOFUT BU EiffFSFOU BYJBM HBQ DPOTJEFSJOH MBUFSBM EJTQMBDF
NFOU " NPEFM JT OFFEFE UP EFTDSJCF UIF TMBWF NPUJPO SFTVMU
JOH GSPN MBUFSBM NBHOFUJD BUUSBDUJPO GPSDF CFUXFFO NBTUFS
BOE TMBWF NPEVMF 8JUIPVU B NPEFM JU JT OPU QPTTJCMF UP
QSFEJDU XIFUIFS UIF TMBWF XPVME BDDVSBUFMZ GPMMPX UIF NBTUFS
PS FYQFSJFODF TMVHHJTI PS TUJDLTMJQ NPUJPO
This QBQFS EFWFMPQT UIF USBOTGFS GVODUJPO CFUXFFO UIF
NBTUFS NPEVMF NPUJPO BOE TMBWF NPEVMF NPUJPO 'JSTU B
TJNQMJfiFENPEFM JT QSFQBSFE GPS UIFNFDIBOJDBM BOENBHOFUJD
DPNQPOFOUT ThFO DMBTTJDBM NPUJPO FRVBUJPOT BSF VTFE UP
EFTDSJCF UIF TMBWF NPUJPO XIFSF MBUFSBM NBHOFUJD TUJffOFTT
IBT CFFO JODPSQPSBUFE &YQFSJNFOUT BSF UIFO DPOEVDUFE UP
WBMJEBUF UIF USBOTGFS GVODUJPO NPEFM 'JOBMMZ DPODMVTJPOT BSF
ESBXO
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'JHVS F (FOFSBM TDIFNBUJD EJBHSBNPG UIF HSBTQJOHNBDIJOJOH FOE
effFDUPS DPODFQU
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'JHVS F  .BTUFS XJUI UISFF FYUFOEFE MFHT 	B
 4MBWF XJUI UISFF TFUT
PG QFSNBOFOU NBHOFUT 	C
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2. Transfer Function Modeling
" TJNQMifieE % TDIFNBUJD PG UIF TZTUFN JT QSFTFOUFE JO
'JHVSF  0O UPQ UIF NBTUFS NPEVMF JT fiYFE UP UIF NJMMJOH
TQJOEMF PVUFS CPEZThF TQJOEMF JT NPWFE CZ B SPCPU PS B $/$
NBDIJOF UPPM &BDINBHOFU PG UIF TMBWFNPEVMF JT TVCKFDUFE UP
B NBHOFUJD QVMM GPSDF 𝐹𝑧 PVUPGQMBOF JO UIF BYJBM EJSFDUJPO
BOE B MBUFSBM GPSDF𝐹𝑟 JOQMBOF JO UIF SBEJBM EJSFDUJPO <> #PUI
UIFNBTUFS BOE TMBWFNPEVMFT BSF TVCKFDUFE UP GSJDUJPOBM GPSDFT𝐹𝑓𝑚 BOE 𝐹𝑓𝑠 SFTQFDUJWFMZ
This NPEFM JT B UXPEFHSFFPGGSFFEPN 	JOQMBOF BOE
PVUPGQMBOF
 NFDIBOJDBM TZTUFNThe NBTUFS NPEVMF JT UIF
ESJWFS PG UIF TZTUFN The TMBWF NPEVMF GPMMPXT UIF NBTUFS
NPEVMF EVF UP UIF SBEJBM NBHOFUJD BUUSBDUJPO GPSDF 𝐹𝑟
The NBDIJOF UPPM PS SPCPUJD BSN NPWFT UIF NBTUFS BOE
DBVTFT B MBUFSBM EJTQMBDFNFOU 𝑟1 "O 𝑟2 EJTQMBDFNFOU SFTQPOTF
JT JNQBSUFE UP UIF TMBWF 𝑚2 CZ UIF SBEJBM NBHOFUJD GPSDF
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'JHVSF  'SFF CPEZ EJBHSBN GPS QBOFMNBTUFSTMBWF
𝐹𝑟, (𝐹𝑟 = 𝐾𝑟(𝑟1−𝑟2))XIFSF𝐾𝑟 JT UIF MBUFSBM NBHOFUJD TUiffOFTT
BT defineE CZ :POOFU <>
" GSFF CPEZ EJBHSBN GPS FBDI PG UIF TZTUFN DPNQPOFOUT
	NBTUFS QBOFM BOE TMBWF
 JT TIPXO JO 'JHVSF  The NBTUFS
JT IFME CZ UIF SPCPU CZ BYJBM GPSDF 𝐹robot,𝑎 .BTUFS NPUJPO JT
EFQFOEFOU PO UIF BQQMJFE MBUFSBM GPSDF 𝐹robot,𝑟 *O UIJT BOBMZTJT
UIF SPCPU JT BTTVNFE UP CF TVffiDJFOUMZ TUSPOH BOE TUJff UP
HFOFSBUF UIF OFDFTTBSZ GPSDF 𝐹robot,𝑟 UP HFOFSBUF UIF EFTJSFE
JOQVU EJTQMBDFNFOU 𝑟1 'PS UIF TMBWF NPEVMF UIF BYJBM DPOUBDU
GPSDF JT 𝐹𝑧𝑠 BOE GPS UIF NBTUFS JU JT 𝐹𝑧𝑚 XIJDI JT FRVBM UP UIF
BQQMJFE BYJBM NBHOFUJD GPSDF 𝐹𝑧ThF DVUUFS BQQMJFT B NJMMJOH
UISVTU GPSDF 𝐹𝑚𝑎 BOE SBEJBM GPSDF 𝐹𝑚𝑟 UP UIF UIJO TLJO QBOFM
'JSTU MFU VT DPOTJEFS B TJNQMifieENPEFM XJUIPVU GSJDUJPO *G
UIF NBTUFS BOE TMBWF BSF KVTU QVMMFE BQBSU CZ IPMEJOH UIF TMBWF
CZ B TUSJOH BSSBOHFNFOU 	'JHVSFT  BOE 
 XJUIPVU QMBDJOH
BOZ QMBUF CFUXFFO UIFN UIFSF JT OP GSJDUJPO "MM WFSUJDBM
GPSDF DPNQPOFOUT DBO CF JHOPSFE KVTU GPS UIF UJNF CFJOH
TJODF UIFZ EP OPU IBWF BOZ DPOUSJCVUJPO UP MBUFSBM NPUJPO
.JMMJOH GPSDFT BSF JHOPSFE JO UIF BCTFODF PGNJMMJOH PQFSBUJPO
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'JHVS F  .Pdified GSFF CPEZ EJBHSBN GPS NBTUFS BOE TMBWF
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'JHVS F  .BTUFSTMBWF FRVJWBMFOU NFDIBOJDBM TZTUFN XJUIPVU UIF
QBOFM BOE BTTPDJBUFE GSJDUJPO BOE NJMMJOH GPSDF
AftFS FMJNJOBUJPO PG BMM GSJDUJPO GPSDFT 	𝐹𝑓𝑠 BOE 𝐹𝑓𝑚
 BOE
WFSUJDBM GPSDFT 	𝐹𝑧𝐹𝑧𝑚 BOE 𝐹𝑧𝑠
 POMZ UIF SBEJBM NBHOFUJD
GPSDF 𝐹𝑟 SFNBJOTThe GSFF CPEZ EJBHSBN JT BMTP TJNQMified BT
JO 'JHVSF 
"TTVNJOH UIF TMBWF IBT B NBTT𝑚 BOE EBNQJOH DPFffiDJFOU𝐶 	BJS WJTDPTJUZ TUSJOH BUUBDINFOUT
 BOE UIF NBHOFUJD MBUFSBM
TUJffOFTT 𝐾𝑟 BO FRVJWBMFOU TJOHMF EFHSFF PG GSFFEPN NBTT
TQSJOHEBNQFS NFDIBOJDBM TZTUFN JT VTFE UP NPEFM UIF
TZTUFN BT TIPXO JO 'JHVSF 
" TJOHMF EFHSFF PG GSFFEPN EBNQFE TQSJOH NBTT TZTUFN
XJUI B NPWJOH TVQQPSU PS CBTF 	CBTF FYDJUBUJPO
 IBT CFFO
EFTDSJCFE CZ )VOEBM <> )FSF UIF NBTUFS NPUJPO 𝑟1(𝑡) JT UIF
TZTUFN JOQVU TP UIF diffFSFOUJBM FRVBUJPO PG NPUJPO XJUIPVU
GSJDUJPO JT
𝑚 ̈𝑟2 + 𝐶 ̇𝑟2 + 𝐾𝑟𝑟2 = 𝐶 ̇𝑟1 + 𝐾𝑟𝑟1. 	

"QQMZJOH -BQMBDF USBOTGPSN UP UIJT FRVBUJPO HJWFT 	BTTVNJOH
[FSP JOJUJBM DPOEJUJPOT

(𝑚𝑠2 + 𝐶𝑠 + 𝐾𝑟) 𝑅2 (𝑠) = (𝐶𝑠 + 𝐾𝑟) 𝑅1 (𝑠) 	

BOE UIF TZTUFN USBOTGFS GVODUJPO CFDPNFT
𝑅2 (𝑠)𝑅1 (𝑠) = 𝐶𝑠 + 𝐾𝑟𝑚𝑠2 + 𝐶𝑠 + 𝐾𝑟 . 	

8F OPX JODMVEF GSJDUJPO UP DPNQMFUF UIF USBOTGFS GVODUJPO
NPEFMJOHThJT SFRVJSFT DPOTJEFSJOH UIF TLJO QBOFM CFUXFFO
UIF NBTUFS BOE TMBWF
4MJEJOH GSJDUJPO PS ESZ GSJDUJPO XIJDI JT DPOTJEFSFE BT
DPVMPNC GSJDUJPO JT NPEFMFE BT B WJTDPVTMZ EBNQFE TZTUFN
XJUI BO FRVJWBMFOU WJTDPVT EBNQJOH DPFffiDJFOU <>
𝐶eq = 4𝜇𝑘𝐹𝑧𝜋𝜔𝑋 , 	

XIFSF 𝑋 JT UIF BQQSPYJNBUF BNQMJUVEF PG UIF TUFBEZ TUBUF
NPUJPO BTTVNJOH CPUI UIF TMBWF BOE QBOFM TVSGBDF BSF XFMM
MVCSJDBUFE FOTVSJOH B WJTDPVT NFEJVN $POTJEFS
𝑋 = 𝐹robot,𝑟𝐾𝑟 √1 − (4𝜇𝑘𝐹𝑧/𝜋𝐹robot,𝑟)
2󵄨󵄨󵄨󵄨󵄨(1 − (𝜔/𝜔𝑛)2)󵄨󵄨󵄨󵄨󵄨 . 	

)FSF 𝜔 JT UIF GSFRVFODZ PG NPUJPO 𝜔𝑛 JT UIF OBUVSBM
GSFRVFODZ PG UIF TMBWF BOE 𝐹robot,𝑟 JT UIF ESJWJOH GPSDF BQQMJFE
PO UIF NBTUFS DBVTJOH UIF NPUJPO
&RVBUJPOT 	
 BOE 	
 BSF CBTFE PO UIF BQQMJFE GPSDF𝐹robot,𝑟 BQQMJFE PO UIF NBTUFS "QQMJFE ESJWJOH GPSDF JOQVU
JT FRVBM UP UIF NBTUFS EJTQMBDFNFOU NVMUJQMJFE CZ TUJffOFTT
	𝐹robot,𝑟 = 𝑟1∗𝐾𝑟
 4P 	
 DBO CF SFXSJUUFO DPOTJEFSJOHNBTUFS
EJTQMBDFNFOU 𝑟1 BT JOQVU JOTUFBE PG UIF BQQMJFE GPSDF
𝑋 = √ 𝑟12 − (4𝜇𝑘𝐹𝑧/𝜋𝐾𝑟)2󵄨󵄨󵄨󵄨󵄨(1 − (𝜔/𝜔𝑛)2)󵄨󵄨󵄨󵄨󵄨 . 	

The TMBWF BQQMJFT BO BYJBM NBHOFUJD GPSDF 𝐹𝑧 PO UIF TLJO
QBOFM 'PS UIF TMBWF UIF FRVJWBMFOU WJTDPVT EBNQJOH DPFG
ficienU JT 𝐶eq ThF NBTUFSUPTMBWF USBOTGFS GVODUJPO 	
 JT
SFXSJUUFO XJUI FRVJWBMFOU WJTDPVT EBNQJOH DPFffiDJFOU UP
DPOTJEFS UIF fiDUJPO JOUFSGFSJOH EVSJOH UIF NJMMJOH PQFSBUJPO
$POTJEFS
𝑅2 (𝑠)𝑅1 (𝑠) =
𝐶eq𝑠 + 𝐾𝑟𝑚𝑠2 + 𝐶eq𝑠 + 𝐾𝑟 . 	

3. System Parameter Identification
The TMBWF NBTT 𝑚 WJTDPVT EBNQJOH DPefficienU 𝐶 BOE MBUFSBM
NBHOFUJD TUiffOFTT𝐾𝑟 OFFE UP CF JEFOtifiFEThF TMBWF NBTT𝑚
JT  LH BT NFBTVSFE PO B XFJHIJOH TDBMF
%JSFDU GPSDF NFBTVSFNFOU XJUI B TQSJOH CBMBODF QSP
WJEFT TUJffOFTT WBMVF BOE TVCTFRVFOU DBMDVMBUJPO ZJFMET UIF
VOEBNQFE OBUVSBM GSFRVFODZ 'JHVSF  TIPXT UIF QSFMJNJOBSZ
UFTU TFUVQ XIFSF B HBQ PG NN JT NBJOUBJOFE CZ TUSJOH
BSSBOHFNFOU CFUXFFO UIF NBTUFS BOE TMBWF XIJDI SFQSFTFOU
UIF UIJDLOFTT PG B QBOFM UP NBDIJOF 'PS B N MBUFSBM
	SBEJBM
 EJTQMBDFNFOU / JT OFFEFE ZJFMEJOH TUiffOFTT(𝐾 = 𝐹/𝛿) PG /NThF VOEBNQFE OBUVSBM GSFRVFODZ
JT DBMDVMBUFE BT
𝜔𝑛 = √𝐾𝑚 = √1.4504𝐸 + 040.67 = 147.13 SBE/TFD. 	

6TJOH UIF TBNF TUSJOH BSSBOHFNFOU TFUVQ 	'JHVSF 
 B
TFSJFT PG JNQBDU IBNNFS UFTUT XFSF DPOEVDUFE UP JEFOUJGZ
UIF EBNQJOH BOE MBUFSBM NBHOFUJD TUiffOFTT GPS EiffFSFOU HBQ
WBMVFT
 "EWBODFT JO "DPVTUJDT BOE 7JCSBUJPO
'JHVS F  -BUFSBM TUJffOFTT NFBTVSFNFOU CZ NBOVBM MBUFSBM GPSDF
NFBTVSFNFOU XJUI TQSJOH CBMBODF
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'JHVS F  5FTU TFUVQ GPS TZTUFN QBSBNFUFS JEFOUificaUJPO
*NQBDUEJSFDUJPO
'JHVSF  *NQBDU GPSDF EJSFDUJPO PO UIF TMBWF NPEVMF EVSJOH JNQBDU
IBNNFS UFTU
8IJMF NBLJOH JNQBDU UFTU PO UIF TMBWF NPEVMF JU XBT
FOTVSFE UIBU UIF IBNNFS JNQBDU EJSFDUJPO SFNBJOFE BMJHOFE
XJUI UIF DFOUFS MJOF BT TIPXO JO 'JHVSF  This BEEJUJPOBM
QSFDBVUJPO FOTVSFT UIBU UIF JNQBDU GPSDF EJE OPU DSFBUF BOZ
SPUBUJPOBM UPSRVF CFUXFFO UIF NBTUFS BOE TMBWF NPEVMFT
0OF NJOJBUVSF TJOHMF BYJT BDDFMFSPNFUFS 	NPEFM OVNCFS
$ TFOTJUJWJUZ N7H
 BOE BO JNQBDU IBNNFS 	NPEFM
OVNCFS % TFOTJUJWJUZ N7/
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'JHVS F %JTQMBDFNFOU HSBQI GPS B NN HBQ CFUXFFO UIF NBTUFS
BOE TMBWF
1*&;0530/*$4 XFSF DPOOFDUFE UP ."5-"# EBUB BDRVJTJ
UJPO QSPHSBN WJB /* EBUB BDRVJTJUJPO DBSE %"2$BSE"&
 "T TPPO BT UIF IBNNFS JNQBDUT UIF TMBWF WJCSBUJPOT BSF
SFDPSEFE "DRVJSFE BDDFMFSBUJPO EBUB XFSF JOUFHSBUFE UXJDF
UP PCUBJO UIF EJTQMBDFNFOU EBUB XJUI SFTQFDU UP UJNF ThF
DBMDVMBUFE EJTQMBDFNFOU QSPfiMFT IBWF CFFO BOBMZ[FE GPS TMBWF
EBNQJOH BOE TUiffOFTT WBMVF
'JHVSF  TIPXT UIF EJTQMBDFNFOU QBUUFSO GPS B NN HBQ
CFUXFFO UIF NBTUFS BOE TMBWF *NNFEJBUFMZ BftFS UIF JNQVMTF
GPSDF UIF TMBWF DPOUJOVPVTMZ WJCSBUFT BU JUT EBNQFE OBUVSBM
GSFRVFODZ
-PHBSJUINJD EFDSFNFOU 𝛿 JT BQQMJFE GPS JEFOUJGZJOH UIF
EBNQJOH SBUJP <>
𝛿 = 1𝑘 MPH( 𝑥 (𝑡𝑛)𝑥 (𝑡𝑛+𝑘)) , 	

XIFSF 𝑥(𝑡𝑛) JT UIF EJTQMBDFNFOU PG UIF 𝑛UI QFBL BU UIF UJNF𝑡𝑛 BOE 𝑘 JT UIF OVNCFS PG DPNQMFUF PTDJMMBUJPOT DPOTJEFSFE
#SJODLFS FU BM <>DPOWFSU UIF MPHBSJUINJD EFDSFNFOU WBMVF
UP UIF EBNQJOH SBUJP 𝜁
𝜁 = 𝛿√4𝜋2 + 𝛿2 . 	

ThF EBNQFE OBUVSBM GSFRVFODZ 𝜔𝑑 JT DBMDVMBUFE VTJOH 𝛿
BOE UIF PTDJMMBUJPO QFSJPE 𝑇
𝜔𝑑 = √4𝜋2 + 𝛿2𝑇 , XIFSF 𝑇 = 𝑡𝑛 − 𝑡0𝑛 . 	

Then UIF SFRVJSFE MBUFSBM NBHOFUJD TUJffOFTT DPFfficienU𝐾𝑟
WBMVF JT DBMDVMBUFE BT GPMMPXT
𝐾𝑟 = 𝜔𝑛2𝑚, XIFSF 𝜔𝑛 = 𝜔𝑑√1 − 𝜁2 . 	

'JOBMMZ UIF WJTDPVT EBNQJOH DPFfficienU JT
𝐶 = 2√𝐾𝑟𝑚𝜁. 	

" TUJffOFTT WBMVF PG 14.967𝐸+03/N 	5BCMF 
BTTPDJBUFE
XJUI B WJTDPVT EBNQJOH WBMVF PG /TFDN IBT CFFO
DBMDVMBUFE GPS UIF TMBWFNPEVMF GPS B HBQ PG NNCFUXFFO UIF
"EWBODFT JO "DPVTUJDT BOE 7JCSBUJPO 
5BCMF  4ZTUFN JEFOUificaUJPO FYQFSJNFOUT SFTVMUT TVNNBSZ
(BQ 	NN
 /BUVSBM GSFR 𝜔𝑛 	SBETFD
 4UJffOFTT𝐾𝑟 	/N
 %BNQJOH SBUJP 𝜁 %BNQJOH DPFff 𝐶 	/TN

    
    
    
    
    
'JHVS F " NN HBQ CFUXFFO UIF NBTUFS BOE TMBWF JT NBJOUBJOFE
CZ B TUSJOH BSSBOHFNFOU
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'JHVS F  4UJffOFTT SFEVDFT BT UIF NBTUFSTMBWF HBQ JODSFBTFT
	UIJDLFS QMBUF

NBTUFS BOE TMBWF 	'JHVSF 
ThJT JT JO HPPE BHSFFNFOU XJUI
UIF WBMVF PG 𝐾𝑟 = 14500/N PCUBJOFE GSPN UIF TUBUJD MPBE
UFTU
The NFBTVSFE NBTT BOE TUJffOFTT WBMVFT ZJFMEFE B DBMDV
MBUFE OBUVSBM GSFRVFODZ PG SBETFD GPS B HBQ PG NN
XIFSF UIF BDDFMFSPNFUFS CBTFE NFBTVSFNFOU BOE NBUIFNBU
JDBM BOBMZTJT SFTVMUT JO B OBUVSBM GSFRVFODZ PG  SBETFD
ThF QSPDFEVSF XBT SFQFBUFE GPS fiWF HBQ WBMVFT 5BCMF 
TIPXT UIF SFTVMUT The UBCMF BMTP JODMVEFT UIF OBUVSBM GSF
RVFODZ WBMVFT BOE DPSSFTQPOEJOH EBNQJOH DPFfficienUT
%BNQJOH DPFfficienU HFOFSBMMZ EFDSFBTFE XJUI BO
JODSFBTFE HBQ *O DBTF PG TUJffOFTT B EFDSFBTJOH QBUUFSO JT
QSPNJOFOU 'JHVSF TIPXT UIBU UIF TUiffOFTT WBMVF JT EFDSFBT
JOH BT UIF HBQ JODSFBTFT
%VSJOH B SFBM NJMMJOH PQFSBUJPO UIF NBTUFS BOE TMBWF XJMM
IPME UIF BMVNJOVN QBOFM BOE GSJDUJPO XJMM PDDVS EVSJOH UIF
'JHVS F 1MBUF CFUXFFO NBTUFS BOE TMBWF QMBDFE XIFSF BDDFMFSPN
FUFS JT QPTJUJPOFE PO UIF TMBWF
     
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'JHVS F  4MBWF EJTQMBDFNFOU SFTVMU GPS UIF JNQBDU IBNNFS UFTU PG
'JHVSF 
TMJEJOHNPUJPO 4P BO FYQFSJNFOUBM TFUVQ IBT CFFO SFBMJ[FE UP
UFTU UIF GSJDUJPOThF QMBUF JT DMBNQFE DBOUJMFWFSFE #PUI UIF
NBOVBM 	TQSJOH CBMBODF
 BOE BDDFMFSPNFUFS CBTFE QSPDFTT BSF
VTFE GPS UIJT TFUVQ UP HFU UIF GSJDUJPO QBSBNFUFS
" UIJO BMVNJOVN QMBUF PG UIJDLOFTT NN XJUI
NN TMJEF QBE PO CPUI TJEFT NBLFT B HBQ PG NN
The JNQBDU IBNNFS UFTU QSPDFEVSF JT DPNQMFUFE 4JODF UIF
DBQUVSFE BDDFMFSPNFUFS EBUB EJE OPU TIPX BOZ SFHVMBS TJOV
TPJEBM WJCSBUJPO QBUUFSO BT TIPXO JO 'JHVSF  MPHBSJUINJD
EFDSFNFOU CBTFE FRVBUJPO XBT OPU GFBTJCMF GPS JEFOUJGZJOH UIF
TZTUFN QBSBNFUFS
 "EWBODFT JO "DPVTUJDT BOE 7JCSBUJPO
5BCMF  'SJDUJPO GPSDF BU diffFSFOU QMBUF UIJDLOFTT
1MBUF UIJDLOFTT 	NN
 1BE UIJDLOFTT 	NN
 5PUBM HBQ 	NN
 .BY BYJBM GPSDF 𝐹𝑧 	/
 'SJDUJPOBM GPSDF (𝜇𝑘 ∗ 𝐹𝑧) 	/

    
    
    
    
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'JHVSF  5FTU TFUVQ GPS BYJBM GPSDF NFBTVSFNFOU CZ B TQSJOH
CBMBODF
"OPUIFS UFTU IBT CFFO DPOEVDUFE XJUI B TQSJOH CBMBODF
UP NFBTVSF UIF MBUFSBM BOE BYJBM NBHOFUJD GPSDF BT TIPXO JO
'JHVSF "U UIJT DPOEJUJPO TQSJOH CBMBODF EJSFDU MBUFSBM GPSDF
SFBEJOH JT / BOE BYJBM NBHOFUJD GPSDF 𝐹𝑧 JT  /
1PMZPYZNFUIZMFOF QBE PWFS BMVNJOVN QBOFM IBT B GSJDUJPO
DPefficienU 𝜇𝑘 PG  <>. ThF GSJDUJPOBM GPSDF (𝜇𝑘 ∗ 𝐹𝑧) JT
/ XIJDI JT VTFE GPS UIF DBMDVMBUJPO PG FRVJWBMFOU WJTDPVT
EBNQJOH DPFfficienU 5BCMF  MJTUT UIF BYJBM NBHOFUJD GPSDF
CFUXFFO NBTUFS BOE TMBWF GPS QMBUFT PG diffFSFOU UIJDLOFTT
4. Experiments and Results
The EFSJWFE USBOTGFS GVODUJPONPEFM EPFT OPU JODMVEFNJMMJOH
GPSDF POMZ NBHOFUJD BUUSBDUJPO GPSDFT BSF SFRVJSFE 4P UIF
USBOTGFS GVODUJPO WBMJEBUJPO FYQFSJNFOU JT EFTJHOFE XJUIPVU
NJMMJOH PQFSBUJPO
The NBTUFS XBT NPWFE CZ NBOVBM QVTI BOE QVMM PWFS
B TLJO QBOFM XJUI UIF TMBWF GPMMPXJOH UIF NBTUFS #PUI UIF
NBTUFS BOE TMBWF FYQFSJFODFE GSJDUJPO
5XP JEFOUJDBM BDDFMFSPNFUFST BSF BUUBDIFE UP UIF NBTUFS
NPEVMF BOE UIF TMBWF NPEVMF 	'JHVSF 
 The fiSTU UFTU JT
QFSGPSNFE XJUI B UIJO BMVNJOVN QMBUF 	NN QBE
JODMVEFE UPUBM NBTUFSTMBWF HBQ PG NN

5BCMF  XBT PCUBJOFE GPS UFTUT XJUIPVU B QMBUF CFUXFFO
NBTUFS BOE TMBWF 4UJMM UIF TBNF TUJffOFTT WBMVF XPVME CF
BDDFQUFE FWFO JG B QMBUF JT QMBDFE CFUXFFO NBTUFS BOE TBMWF
CFDBVTF UIF TUJffOFTT JT B GVODUJPO PG EJTUBODF CFUXFFO NBTUFS
BOE TMBWF ThJT JT CFDBVTF UIF TUiffOFTT JT FYQFDUFE UP DPNF
.BTUFSNPEVMF
4MBWFNPEVMF
4LJOQBOFM
-BQUPQ
"DDFMFSPNFUFS
'JHVS F  4JNVMUBOFPVT BDDFMFSBUJPO EBUB BDRVJTJUJPO GPS CPUI
NBTUFS BOE TMBWF
GSPN UIF NBHOFUJD GPSDF BOE B OPONBHOFUJD QMBUF EPFT OPU
inflVFODF UIF NBHOFUJD fiFME *OTFSUJOH B QMBUF XPVME POMZ
DIBOHF UIF EBNQJOH CFDBVTF PG GSJDUJPO 4P BO FRVJWBMFOU
WJTDPVT EBNQJOH DPefficienU IBT CFFO DBMDVMBUFE CBTFE PO 	

%BUB BDRVJTJUJPO TBNQMJOH GSFRVFODZ WBMVF JT )[
'SJDUJPOBM GPSDF WBMVF GSPN 5BCMF  IBT CFFO VTFE GPS DBM
DVMBUJOH TUFBEZ TUBUF TMBWF NPUJPO BNQMJUVEF 𝑋 &RVJWBMFOU
WJTDPVT EBNQJOH DPefficienU IBT CFFO DBMDVMBUFE GPS FBDI
TUFBEZ TUBUF TMBWF EJTQMBDFNFOU CZ 	
 'PS B NN UIJDL
TLJO QBOFM UIF USBOTGFS GVODUJPO IBT CFFO defineE BT GPMMPXT
CBTFE PO UIF USBOTGFS GVODUJPO NPEFM 	
 $POTJEFS
𝑅2 (𝑠)𝑅1 (𝑠) =
𝐶eq𝑠 + 1.4966𝐸 + 040.67𝑠2 + 𝐶eq𝑠 + 1.4966𝐸 + 04 . 	

'JHVSF  JT PCUBJOFE BftFS QMPUUJOH UIF NBTUFS BOE TMBWF
NPUJPO SFTQPOTF GSPN BDDFMFSPNFUFS SFBEJOH 0O UIF UPQ
NBTUFS EJTQMBDFNFOU JT QSFTFOUFE 0O UIF CPUUPN TMBWF
EJTQMBDFNFOU JT QSFTFOUFE JO B TPMJE MJOF "O BEEJUJPOBM EPUUFE
MJOF JT BMTP QMPUUFE UP TIPX UIF TJNVMBUFE TMBWF EJTQMBDFNFOU
CBTFE PO UIF EFSJWFE NBTUFSUPTMBWF USBOTGFS GVODUJPO𝑅TRVBSF WBMVF <> JT DBMDVMBUFE GPS UIF TJNVMBUFE TMBWF
EJTQMBDFNFOU XJUI SFTQFDU UP UIF NFBTVSFE TMBWF EJTQMBDF
NFOU GPS B HBQ PG NN "O 𝑅TRVBSF WBMVF PG  IBT
CFFO DBMDVMBUFE TIPXJOH UIF BDDFQUBCJMJUZ PG UIF QSPQPTFE
TMBWF NPUJPO NPEFM
.BHOFUJD TUiffOFTT XBT VTFE BT UIF QSJNF DPOTUJUVFOU PG
UIF QSPQPTFE NBTUFSTMBWF NPUJPO USBOTGFS GVODUJPO 4JODF
NBHOFUJD TUiffOFTT JT IJHIMZ EFQFOEFOU PO UIF HBQ CFUXFFO
UIF NBTUFS BOE TMBWF POF NPSF FYQFSJNFOU IBT CFFO BDDPN
QMJTIFE XJUI B UIJDLFS TLJO QBOFM PG NN 	UPUBM HBQ
NN
 GPS B SFEVDFE TUJffOFTT WBMVF PG 7.8700𝐸 + 03/N
*O UIJT DBTF UIF BYJBM NBHOFUJD GPSDF JT  /The USBOTGFS
"EWBODFT JO "DPVTUJDT BOE 7JCSBUJPO 
          
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4JNVMBUFEEJTQMBDFNFOU
.FBTVSFEEJTQMBDFNFOU
'JHVS F  $PNQBSJTPO PG USBOTGFS GVODUJPO CBTFE TJNVMBUFENPUJPO
UP UIF BDUVBM TMBWF NPUJPO 	NBTUFSTMBWF HBQ NN

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4JNVMBUFEEJTQMBDFNFOU
.FBTVSFEEJTQMBDFNFOU
'JHVS F $PNQBSJTPO PG USBOTGFS GVODUJPO CBTFE TJNVMBUFENPUJPO
UP UIF BDUVBM TMBWF NPUJPO 	NBTUFSTMBWF HBQ NN

GVODUJPO 𝑅2(𝑠)/𝑅1(𝑠) JT TUJMM WBMJE UP QSFEJDU UIF TMBWF NPUJPO
UP BO BDDFQUBCMF MFWFM BTTPDJBUFE XJUI BO 𝑅TRVBSF WBMVF PG
 BT TIPXO JO 'JHVSF 
5. Conclusion
%VSJOH UIF TLJO QBOFM NJMMJOH PQFSBUJPO UIF SPCPU ESJWF
NBTUFS NPEVMF XJMM GPMMPX UIF JOTUSVDUFE UPPM QBUI CBTFE
PO UIF SFRVJSFE QPDLFU EJNFOTJPO CVU UIF TMBWF NPUJPO JT
EFQFOEFOU PO UIF NBHOFUJD BUUSBDUJPO GPSDF BHBJOTU JUT JOFSUJB
BOE UIF GSJDUJPOBM GPSDF " NBTUFSUPTMBWF NPUJPO USBOTGFS
GVODUJPO JT QSPQPTFE UP DBMDVMBUF UIF TMBWF SFTQPOTF ThF
QSPQPTFE USBOTGFS GVODUJPO CBTFE NPUJPO NPEFM XBT BCMF UP
QSFEJDU UIF TMBWF QPTJUJPO CBTFE PO UIF JOQVU NBTUFS NPUJPO
ThoVHI UIJT QBQFS POMZ DPOTJEFST UIF MBUFSBM TMJEJOHNPUJPO JO
DBTF PG SFBM QPDLFU NJMMJOH PQFSBUJPO UIFSF XJMM CF SPUBUJPOBM
NPUJPO UPP "O JOEFQUI SPUBUJPOBM NPUJPO BOBMZTJT XPVME CF
SFMFWBOU BT GVUVSF XPSL UP QSFEJDU UIF DPNQMFUF TMBWF NPEVMF
NPUJPO SFTQPOTF
4QSJOH CBMBODF EJSFDU NFBTVSFNFOU QSPWJEFE UIF MBUFSBM
TUJffOFTT WBMVFT MBUFS WFSJfiFE CZ MPHBSJUINJD EFDSFNFOU GPS
NVMB CBTFE DBMDVMBUJPO #VU UIF NPTU DSJUJDBM QBSU PG UIF
TZTUFN QBSBNFUFS JEFOUJficaUJPO JT EBNQJOH WBMVFT 8IJMF
TMJEJOH PWFS UIF TLJO QBOFM UIF TMBWF DPOGSPOUT DPVMPNC
GSJDUJPO &RVJWBMFOU WJTDPVT EBNQJOH DPFfficienU IBT CFFO
VTFE GPS UIF USBOTGFS GVODUJPO
The NBTUFSUPTMBWF USBOTGFS GVODUJPO JT CBTFE PO UISFF
QBSBNFUFST TMBWF NBTT MBUFSBM NBHOFUJD TUiffOFTT BOE EBNQ
JOH DPFfficienU ThJT TQecific QSPKFDU IBE B TMBWF NPEVMF PG
 LH XJUI BO BQQSPYJNBUF MBUFSBM TUJffOFTT PG /N
5XP JOEFQFOEFOU FYQFSJNFOUT XJUI diffFSFOU UIJDLOFTT TLJO
QBOFM IBWF CFFO UFTUFE UP WFSJGZ UIF USBOTGFS GVODUJPO NPEFM
BDDFQUBCJMJUZ #PUI PG UIF UFTU SFTVMUT TBUJTGBDUPSJMZ WBMJEBUFE
UIF NPEFM TVJUBCJMJUZ
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